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Orbital dynamics in the Tevatron double helix. 

LEO MICHELOTTI and SELCUK SARITEPE 
Fermilab’, P.O.Bor 500, Batavia, IL 60510 

A kc* h,urr of ,hc *cra,ron vpgrdc is ,hc placement of prolo” and 
anti-proton bunches 0” the bra”chLl da dovbl. Mix which winds around 
the CUrICnt clad orbit. Electrostatic repsrators will tranrlcr ,h. bunches 
on and OR ,hc dovble helix so that they experience head-on collidonr only at 
the crpedmen,d LIeas, ml and DO, all other encounttrs occurring 111 large 
tm”6”cmc separation. In this w.y cl. number of buncher, and the lmli- 
llc&ty. c*n be increaK. WiGloUt a proportionsl grovth in the beam-beam 
tune shift. The *ccDa.io raises 8 nvmbrr ol beam d.vnamics (“ix, stdilily) 
i..YCI, especially (a) ,hc conscqucncea of sampling msgnctic S&Is far lrom 
tllr magnets’ cente, liner, and (b) the ctTcctr of the long-range beam-beml 
interaction. This report presents the tes”lt6 or (dmittcd~y inromplrtc) L.C 
LYI~ODS and hr~uhtions done to date to crplor~ (b); L Fmdab team (in- 
chding Ernie M&mud. Glenn Gd.nc, Norm*” Gelbnd. Gerry hckson, 
and many others) hare been studying (a). both rxperimcntdy and thcorct- 
ice.Oy, but WC shall not rc~icw those eforlr here. The constraint of I) PDF 
limil hsr lord us lo bound this dircussion rather *tringcnlly, but a more 
complete paper will be avdablc a5 a Fermilab Technical Memo. 

1 A model. 

lattires and Separator* 
Cd~~Iation~ vcrc carried out uaina two low-beta 150 cm 4’) Tcvatron latticea 

Son& .on6g”.ation 
Cdculationr vcrc done u*ing a conag”ration of event” .p.ced bunch..: in 
particular, WC wed a set of 2, x 21 bunches. as this number wea both a 
multiple or a, rhich 6ssurc.d collisions st both BO and DO, and e factor ol 
1113, the number olawilablc buckets. 

Seam-beam interaction 
Montagu& crprcsrion for the form ofthe beam-beam kick, bard cm a round 
or .lliptic tra”sYel*l dktribution of particks. has been &rived in many 
placer. including Evans[1]. GlucksternjS], and Furmanpi. For the cdcu- 
,atiom dncribed in this paper. the charge distribution in each bunch vh( 
taken to bc circuisr *aursian. *O ~d~~hlion~ vcrc carried out using a 
“-*d-s,rong” (or “large-small”) approximation. Thcrc Yes tiwr L distinc- 
tion bC‘Wccll ‘probe” partick. and ‘ko”ICl” bunchcr, or mscroparticlcr, ttlc 
hormcr having no erect on the 1.11.1. The lD”lCC bunch vidth was rcc.Icu- 
latcd at each collision site. and a nominal 24s mm-m invariant wnittanu 
was aasumcd throughout. In mart, but not all, of,hr calculstion. olr *O”ICC 
bvnchca contained 6 x 10’0 particlcl each. 

longlt”di”d moment”m 
we UIUrnC ttlc energy 10 be 1 TrV; ,hc lslticc containa diapersion and “at- 
“ml chmnaticity, but it i. as,“rn.d that bp = 0. 

2 Linearized Dynamics 

WC discuss in this section result* h small amplilude orbita. that which 
litm.lly are infinitcsirrdly chc to the clod orbit. Exploration olmoderatc 
to large amplitude orbit* will be described in the next ecction. 

.O&..r.lrd bl ‘h lJniwr.itio a.,..,& *,,oci.,ion. Inc. m”.&, co”*lYt .ilh ,hr U.S. 
D.p.nmmld Enem. 

2.1 The closed orbit 

The &ctmstatic kicks a*~ designed lo position proton and anti-proton 
bunches on hclicd orbits while maintaining head-on collirionr et 00 and 
DO. it full separator excitation the spacing bctvecn the tao branches al 
the double belir is ~pprotimately 6 mm over most of the ring, roughly a 100 
rparalion for an invariant emittame of ii *Or mm-mr. This srpration is 
displayed, for the “o”lcso”a”t lattice, in K&(l). Hovcvcr, ihis “bare” orbit 
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Fiprr 1: Orbit rpuation for the model’s design orbita. 

dots “01 take into P.ccc0Y.t the kirks lri‘ing from the long rangr beam-beam 
interaction, which distort it into a new, “clothed” orbit. This is. it is hoped, 
a amall eflcct, but one which may be significant Xthc tmnsverse exur6iom 
ortllc clod otbit at ,h. rxperimntd ?.reas, Em and DO, are comprsblr to 
,hc tm”sYer*e bunch width. 

The ‘clothd” orbit of the modal wu calculated. via Newton’s method, 
an a fixed point of the ninglc-turn mapping. The Jacobian of the mapping. 
which is required by Newton’s method, YLI auromaticdly computed using 
I C++ implrmantaticm of “difkmrid” dgcbra v*riablas.[5] The resulting 
trmwrrx coordinatcr of the Wothed” orbit at thr BO interaction region is 
dmun in Figure 2. The ordinak ha. been scaled by thr beamwidth. but lhis 
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Pipe I: Clotbd orbit .t BO 

ib ~01 meant to imply that the cRect xah accordingly; one sipa (which is 
about 60 pm here) ir hoply a umful sire with rhich lo compare the discts. 
The &s&m rnensdy*es A,.,, the normdi*ed rtmngth of Ihe separators: 0 
emespondl to tYl”i”g ,h.m OR, and ,h”, ha*ing no pp bunch scpamtion; 
1 conesponds to the full kich producing the ‘bare” rlom.3 orbit shown in 
Figurr 1. Norim that at 80, the motion is essentially 111 vertical Ior both 
lattices tested. The s&e of the displacement is about the same at both 
lordons end rmallrr than 0.b. about I, ,m, over the full range olseepwatm 
strength. Far A,., > 0.8 the clod orbit distortion is alre& smllle* than 

‘No, to br confud with a clacd orbit c.kulaled in LISP 
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.e O.OLYS lpm. these deviations are smd mough M that one need nol Kindly, we explored a collection of orbits et both modrnk and large 
mmpenra~~ lo, ,hcm. amplitudu osiag the EOA (Explomk~y &bit Anllpi~) traphin shell 

The CYIW Iabclled “xpr” actually rcpmenb Ibc nmmalired quantity AESOP+?] We shall describe. Iew of,bnr ham, bu, ,,e.,ic, Lvodimenrional 
oz+ pd. and rimilsrly Car the one l&belled “ypr”; the limiting value Ior pictures do net convey the full rrperiencc of viewing hhnc orbits u they 
both oltherc ir a nominal 0.050, or 1.~6. dcwlop in (projccld) four dimmrionr. 

A few reprclenhtivc runs at moderate smpliludn M logged in Figurrl 5. 

2.2 Beam-beam tune shift 
This Rgurc tracts the behavior olan orbit passin through l @en point in 
phve rpwr u A..,, thr normalized qaralor strength, incrcues from 0 Lo 

By finding rhr eigenmluel cd rhe Jacobian matrix osed to cakulatr the 0.5; ppb ~a, IC, ., 10”. The calrul~lionr (or these Rgurcs were carried ouL 
“clothed” orbit WI obtain u . bonus the srarl tnncr of smlll ampli- oning the nonmsonmt lattice. For each v&r oI A.., we diqky four pba~e 
tude m.,~ion .bou, tbc closed orbi,. With .ep.r.ton of, tbc .~oti- -~~ 
mate lunc shift prr beam-beam inleraclion is given by tbc usual kemula, -- -- sL,- - .+-I” 
( r 0.001 N[ 101o]/+,,[ rmm - mr]. This must be multiplied by the ram- 
brr of encounlcrs: for WI model 21 x 21 configuration (i.e.. 12 hits) with 

.................... 

.................... 
10” prticln per bunch and cm, = 11, WC (let [ ie 0.1~3. The t,m” .“oci- 
alcd with mnN ampdlitadr acillations about the clacd orbit drop mpidly u 
eprstorr are t&d on. In Figure 3 ue plottrd thr cigcntuna mocieted 
with the nonresonant Iatticr with ppb = 6 x lOlo. The principal feature 01 

Figure 3: Efd ol increasing bunch mparation on tune shift*: nomenononl 
1atti.c. 

thcrc CYIYCI i. their very rapid la,,oR, a characteri& ob8erv.d in Figure 2 *I 
rrll; the limiting dues arc attained for A,., > 0.4-0.5, i.e.. with separatora 
powed to =z 40.50% of Lhci, designed 8trenglh. 

3 Nonlinear dynamics 

Going kyond rhc lincarizcd model, WC riplmcd the tune. ol ,nrlicln on 
hrgcr amplitvdc orbits by tb. .imple crpedicnt ofplo,ting lbs “porcr” SPCC- 
tra obtained by cvak.ting FFTs olrhe orbit.. Prior LO taking the FFT, the 
data were multiplied by a windowing function (the Welch window) in or- 
der 60 rcducc the dillrscGon-like eRe& arising from a finite -pie siio.[T, 
pp.441Rj lnitial condirionr shown were cbcaen by setting wI = VI = ws = 0 
and letting wg ranging Corn 0.5 lo 5; ppb is fired at (I x IO”. Coordinatea 
u = (w., w,. Y,, .a) are inkrprrled voc z z, yl,c s .z,t + ‘W we s y, 
and wSo E ory + al/. Figure I illustrates the (limited) ~mplitudc depen- 
dence ofth. tune (0, a variety olnlun of,,.., (I.bc,,rd u SC in the figure). 
The strong amplilude dcpcndcncc orthe tune is wppceucd very quickly by 

1”“. ..“n u1 w.m.“. 
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Figur. I: Tvn. ver,us inihl .mplilude for fixed ppb. 

space projections ofthe (four-dimensional) orbit and tbc spcctm 6: horizon- 
W and votical coordinalu. The tawdimennional pmjccliom nm along the 
hodrontrl, (wo,wI), nnd the vrrticsl, (w2. ~1,). coordinates. The ordinates 
for the three dimcmionnl projeclions, which WC shall I& to u 661 plots. 
WC the hodrontsl and vcrtiral “angle” nriabln md an “action’ variable. 
horix&al m&ion in the I& hand plots and rertiul in the right. Thee vari- 
ablu me those obtained by mpruring the trc-dimensional projections in 
polar coordinatan rather than Carkim. actions being cquivaknt lo radius 
squared. 

powering Lhr ~epw.,or~. (Connecling Ihe Rr,t two ..mple poinls with a A. JOY scan through Figure S.-C notice the cbmge fmm clan, smooth 
stra&hr line segment is a little misleading: of coome, the slope ol tbc CUIYC KAM tori rhcn A,., 5 0.2 through a chaotic Iaycr for A.., a 0.3, and return- 
appmachcr 0 aa * - 0.) ing Lo rcgulv behavior when A.., > 0.4. Obxrve thr increuing complcritr 
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ofthr power npectra as A.., incrcues and the orbit qqwmchtl a dmoliceon- 
dition, This brmdband “noise” is typical of chaotic bch*vior. Conversely, 
as tllr ch*o*;c I*yr* pssel lb. orbit and it .ettles darn to smooth torus 
onct again, thr spectrum becomn once more discrete.’ One m’y intriguing 
fe*,ura cmrrges when p” compare Lh. spectra f,om nl, ‘irnil8, figures ahich 
LIC not shown here due to page limitakmr. Notice that the peak spcclrsl 
component hif,, aith innruing A,*,, as is rcuonmblc, end that the chaotic 
hyo at A,-, = 0.3 is correlated with (a) the peak spectra! componrnl hitting 
,hr due 0.8 and (b) a .ccond strong, noisy spectral component coming into 
etis,encc t&t 0.8. This *uggc.ts m iorting DOto tllc Y. = Y” = s/s resonance 
sepamtrix u the mcch*nism of chaos. with a pcmiblc interference from cl. 
v. = Y, = 4,s or 1,s scpr*trir u well. 

Harcrer, Iwoe amplitude orbits can crpctkncc I diRetent phenomenon, 
one which is be,, docribed in tcrtilic terms: rh., h.ppms is u thou& 
KAM tori were literally ~ovcn from threads rhirh uanvd md become en- 
tangled. To se this happening, we shall track the bchmior of the orbit 
pasling clrovgh y = (3.0,0,3) ” the n.orm&ed aepu.tor .‘rer.@h, A #.,, 
is inc-d from 0.0 to 0.5. This net of ulctd~lionr rem urried out using 
the resonant Ietticc. The cormpomding 661 plots me shorn in Fiprc 6. 
The hnt plot *ho** . seep.r.trix for A.,, = 0; ppb II” been ut to 10”; 
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Figure 6: As tori u.r.vd orbit. become tangled. 

those rho think this is too hrgc em rrscde by decreasing G,. The orbit, 
which is in thr vicinity of a Zv, - 2u, mparatrir, is chaotic md visits both 
sides of thr sceparatrir, (Bear in mind that vhtl we are viewing is only one 
three-dimensional Ccc through the full separatrix.) A tmnartablc trami- 
tion occur as A.., increases from 0.0 to 0.1; Figwe kwr the orbit at 
.& = 0.1. The scprstri. “01 contain. only tlm ,&.a rather than ,hr four 
that it previously had; it looks more like a v. - vr scpratrir. It is almost as 
though one afthe unrtablc resonant orbits defining tht ~paratrir has under- 
gone a transition Lo stability. (Arc WC obewing here some four-dimcnrbnal 
form of period doubling?) At A.., e 0.14 mother remarkable jump OFC~**, 
md thr orbit RIh the wedge formed by the sepwatrir, u meen in Figure 
(6~). The “wdgr’ smoothr out and becomes tighter until, mt A,., z 0.3, as 
seen in Figure (6d). it winds slovnd I tight I(AM torus, clone lo a stable 
rrr0nw.l orbit. (Note the change in viewing angle.) *lthcqh it i6 difieult 
to tell from thnc figures, thin Lmu~ lies mmuhbly pmcisilely in the inter- 
section region ofthc srp*ra,t*ia of Figure(%) or, quinkntly, at the cus* of 
the -edge in Figure (EC). If we now incrcue A,,, further, am utrwxdinery 
thing happens: the totus gets lusct snd Segiw lo umvel. This is seen in 
Figure(k), which shoaa the orbit aI A.., = 0.1. The omwclling hrr begun, 
but moo& af shape of the LOIUS remaim th*l we can make out it* former 
eri.tcncc .nd loc.tion. By A,., = 0.6 the torus hu completely dimppcucd 
and the orbit is simply m t&cd thrcld, u men in Fipe(6c). Here we have 
a phenomenon due to the long mngc beun-beam interaction which does not 
vanish for A.., > 0.5. Tbuc vary large amplitude orbits are still feeling the 
cRect of the ~)urce bunches. Keep in mind, howcvrr, that we have displayed 
only the orbilr passing throagh one p,liculmr point in phase nperc. Not dl 
hqc amplitude orbite behave like this. Indeed the orbit paairs& through 
(3,&O, -3) .Lill lie. on .n idcntifmblr, pe,fe.tly rc&r tom.. Thus, the 
problem in (a) lo identify the probability of etu& encountering nuch or- 
bits. and (b) understand their impact on stability. This wrticulmr tmglcd 
orbit, for example rcmaincd bounded for over 60,000 ilermtiom. Though 
it looks ugly. this esthetic judgemcnt may have no rclevansc to imues of 
stdility. 

‘1 m CUTOUT &out how there orbits would “sound” if re could ronxrl 
thne spectra inlo audible nound YWCI. L it possible that the ear could 
disuimindr beiwren chadic and regular behwior better thnn the erc? 

Some hrp ampliludc orbi,, exhibi, phaaclock, as seen, far cmmple, in 
Figure 7. This orbit (resonmt lattice) spends most of its history with hor- 
isanhl and vertic~I phases locked near a1 - a1 x 0, or 1, resulting in the 
*cr*icd rda appearing in the 661 projections. The Lmmilims between 

Figwc T: Phamlocked orbit 

these t-o rdlr take pllsc on time sala rmall compared to the time vent 
in the locked regions. 
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